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STRONG SPLIT BLOCK DOMINATION IN GRAPHS
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Abstract:

For any graph G = (V,E ), the block graph B(G) is a graph whose set of vertices is the union
of the set of blocks of G in which two vertices are adjacent if and only if the corresponding
blocks of G are adjacent. A dominating set D of a graph B(G) is a strong split block dominating
set if the induced sub graph (V[B(G)] — D) is totally disconnected with at least two vertices. The
strong split block domination number y, (G) of G is the minimum cardinality of strong split
block dominating set of G. In this paper, we study graph theoretic properties of y., (G) and
many bounds were obtain in terms of elements of G and its relationship with other domination

parameters were found.
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1. Introduction: In this paper, all the graphs consider here are simple and finite. For any
undefined terms or notations can be found in Harary [2]. In general, we use < X > to denote
the subgraph induced by the set of vertices X and N(v)(N[v]) denote open (closed)

neighborhoods of a vertex v .

The notation  «,(G)(a,(G)) is the minimum number of vertices (edges) in a vertex
(edge) cover of G. The notation B,(G)(B,(G)) is the maximum cardinality of a vertex (edge)
independent set in G. Let deg(v) is the degree of vertex v and as usual 6(G)(A(G)) is the
minimum (maximum) degree. A block graph B(G) is the graph whose vertices corresponds to
the blocks of G and two vertices in B(G) are adjacent if and only if the corresponding blocks

in G are adjacent.

We begin by recalling some standard definitions from domination theory. A dominating
set D of a graph G = (V,E) is an independent dominating set if the induced subgraph < D >
has no edges. The independent domination number i(G) of a graph G is the minimum cardinality

of an independent dominating set.

The concept of Roman domination function (RDF) was introduced by E.J. Cockayne,
P.A.Dreyer, S.M.Hedetiniemi and S.T.Hedetiniemi in [1]. A Roman dominating function on a
graph G = (V,E) is a function f:V — {0,1,2} satisfying the condition that every vertex u for
which f(u) = 0 is adjacent to at least one vertex of v for which f(v) = 2. The weight of a
Roman dominating function is the value f(V) = Y,y f(v). The Roman domination number of
a graph G , denoted by yz(G) ,equals the minimum weight of a Roman dominating function on
G. A dominating set D of a graph B(G) is a strong split block dominating set if the induced
subgraph (V[B(G)] — D) is totally disconnected. The strong split block domination number
Yssp (G) Of G is the minimum cardinality of strong split block dominating set of G. In this paper,
many bounds on y,, (G) were obtained in terms of elements of ¢ but not the elements of

B(G). Also its relation with other domination parameters were established.

We need the following theorems for our further results.

Theorem A [3]: For any graph G, y(G) = [1+Z(a)]'
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2. Results:

Theorem 1: Forany (p,q)graph G with n-blocks and B(G) # Kp , then

Vssb (G) + Y(G) S n(G) .

Proof: Suppose B = {b; ,b, ,bs, ... ... ... ,by,} is the set of blocks in G. Then {B} = V[B(G)]. Let
A=1{by,by,bs,....... ,b;},1 <i<n suchthat A € B and Vb;eA are the non- end blocks in G
which gives cut vertices in B(G). Also  C = {b; ,b, , b5, ... ... ... ,bj}, 1 <j <nbe the set of
end blocks in G and C € B. Let {v; ,v,,V3, ... ,vp} be the set of vertices of G and
D= {vy,v5,V3, 0 cev .. , Um} Where m < p be a dominating set of G such thaty(G) = |D|. Now
we consider A ¢ 4 and C* c C. Then V[B(G)] —{A'}u{C*} = {K}VveK is an isolates.
Hence |AY| U |CY| = v (G). Since {A} U {C} = V[B(G)]. Clearly |A*| U |C*| + |D| < |A| U
|C| which gives y.. (G) +¥(G) < n(G) .

Theorem 2: For any (p,q)graph G and B(G) # Kp , then yg (G) < B,(G) — 1. Where

B,(G) is the maximal vertex independence number of G .

Proof: Suppose B = {B;,B,,Bsz,......... ,B,} be the set of blocks in G and let H =
{by,by,bs,......... ,b,} be the set of vertices which corresponds to the blocks of B such that
VIB(G)] = |H]|.

Now we consider the following cases.

Case 1: Suppose G is a tree with at least 3-blocks. For at most two blocks B(G) is complete
hence y.s, (G) set does not exists. For this we consider a tree with at least 3-blocks. Suppose
V=1{v;,05,V3, .. ,v,} be the set of vertices of G and D = {v, ,v;,v5, ... .. . ,v;} for

i < p be the maximal independence set of vertices of G, such that |D| = B,(G).

Let C = {by ,b, ,bs, ......... ,b;} be the set of cut vertices in B(G). Since each block in B(G)
is complete and each cut vertex is incident with at least two blocks. Let C* = V[B(G)] — C and

consider a set C;* € C* such that V[B(G)] — {C* U C," } = S where Vb;eS is an isolates. Hence

|C* U €| = yssp (G). Also |CT U €| < ID| — 1 which gives v (G) < B,(G) — 1.
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Case 2: Suppose G is a not tree then there exists at least a block which is not an edge. Let B; be
the number of blocks which are not edges V|[B;] < V[B(G)]. Let {b, ,b, , b5, ... ... ... , by} be the
set of vertices of B(G) corresponding to the blocks {B; ,B,,B3, ... .. ... , B} respectively in G.
Suppose D! is a dominating set of B(G) such that |D|= y. (G). Since
ID'| < |D|, then ysq (G) < Bo(G) — 1.

Theorem 3: For any non-trivial tree T and B(T) # Kp , then yg (T) = y(T). Equality holds
forapath B, with P=5.

Proof: SupposeV = {v;,v,,v3, ... ,vp} be the set of wvertices of T. Let
D= {v, ,v,,V3, . oo ... ,Uk} 1<k <p be a minimal dominating set of T such that |D| =
y(T). Further B ={B;,B;,B3, ... ...... , B,} be the number of blocks in T. In B(T),V[B(T)]
= {b, ,b, , BEINEE. ,b,} be the set of vertices corresponding to the blocks
{B; B, , " ,B,} of T. In B(T) each blocks is complete. Let {B,*, B,*, B5", ... ... ... ,B,1}

be the set of blocks in B(T) with the property such that VB;,1 <i <p has at least two
vertices. From each block in B(T),p — 1 numbers of vertices forms a dominating set D* such
that |DY| = y.s (T). Hence |D| < |DY|, which gives y., (T) = y(T). For equality, suppose
T = P, with P < 4. If B(T) = k,, which gives y., (T) £ y(T) for P = 2,3, y, (T) does not

exists. Hence we consider T = B, with P > 5. Suppose T = P, with P = 5.

Let T = P,:{vy ,v3,V3, e von e ,v,} be a path with P >5 then we consider a set
D={v,,villvs, - -fle ,Vp_n} such that N(v,_,) N N(v,_,_1) = @. Hence D be a y — set of
P,. In B(B,),V[B(P,)] = P — 1, then we consider a set K c V[B(P,)] such that V[B(P,)] —
K = M where each element in M is an isolate. Clearly |M| = |D| which gives (Pp) =

v (B) -
We have the following proposition.
Proposition 1: If B(G) is a star, then y¢, (G) = 1.

Theorem 4: For any connected (p, g)graph G and B(G) # Kp , then y., (G) +y(G) <P — 1.
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Proof: Let G be a connected graph with P —vertices and n- blocks. Let {b; ,b,, b, ... ... ... , by}
be the number of vertices in B(G) corresponding to the blocks {B; ,B, , B3 , ... ... ... ,Bn}in G. Let
H=1{v,,U5,V3, .. ,Unt be the set vertices in G, |J={v,,v3,V3,. ... ,U;} where

1 <i<nsuchthat ] c H,v;e/ which covers all the vertices of G and there does not exists any
proper sub set J1of J such that v,eH — J* for which N(v,) nJ! # u where ueJ*. Hence J is a

minimal dominating set of G and |J| = y(G).

Let S; = {B;} where1 <i <n,S; c § and VB;eS; are non end blocks in G. The we have
M; < M which corresponding to the elements of S; such that M; forms a minimal dominating
set of B(G). Since each element of H — M, is an isolates then |M;| = y. (G). Further M; U
J < P —1,whichgives y. (G) +y(G) <P —1.

Theorem 5: For any non-trivial tree Tand B(T) # Kp,then yg (T) < 2a,(T) — 1. Where

a,(T) is the vertex covering number of G.

Proof: Suppose B(T) = Kp. Then y,, —-set does not exists. We consider a non-trivial tree T
with V(T) = {vy ,v5, V3, v e oo v} Let Vy = {vy vy, 035, e ,v;}, 1 < i < p be the set of
cut vertices which are adjacent to end vertices and V, = {v;,v5,V3, v e ... WL 1<I<phbe
the set of cut vertices such that Vv, eN(v;) are non-end vertices 1 < [ < p. Suppose a set v; €
V, or V,. Then we consider another subset V,* = {v; v, , V3, wov e ot ,Unt, 1 < n < Lwhich are at
a odd distance from the vertices of T with deg(v,) = 3. Then every vertex belongs to V; UV, U
V; UV, which covers all the edges of T. Hence |V;| U [Va| U |[Vj| U [V2!| = ao(T). In B(T),

each block is complete. And to get y., (T). We consider the following cases.

Case 1: Suppose each block of B(T) is an edge. Then H = {v{,v,,V3, ... ,Un} C

V[ B(T) ] are in alternate sequence such that YveV[ B(T) ] — H is an isolates. Hence H is a

Yssp —Set and a, — set. Clearly |[H| = y. (T) = a,(T). Which gives the equality of the

result.

Case 2: Suppose there exist at least one block of B(T) which is not an edge. Now assume each

block of B(T) is a complete graph with P > 2 vertices. Let H be a y., -set of B(T) which

contains P — 1 vertices from each block of B(T). Since B(T) has n number of blocks, then
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n[P — 1]eV[B(T) ] = H.Hence 2{|V;| U |V,| U |V;| U |V,'|} = 1 = |H]|, which
gives  Yeep (T) < 2a,(T) — 1.

Theorem 6 : For any (p, q) graph G with n — blocks and B(G) # K, , then

Vssb(G) =n-+ Y(G) — 4.

Proof:  Suppose S ={B;,B3, B3, .. ... ... ,B,} be the blocks of G.Then
M = {by, by, b5 ... ... ... ,b,} be the corresponding block vertices in B(G) with respect to the set S
Let H = {vy, vy, V3, e en e ,U,} be the set of vertices in G, such that V(G) =H. If | =
{v1, V2, V3, e oo ,Um} Where 1<m<n and Jc H such that N(J) =V(G) —] gives a

minimal domination set inG.Hence |J| = y(G).

Suppose M* = {by, by, b, ... ... .. ,bj}where1<j<n such that M"'c M then
Vv b; € M* are cut vertices in B(G ). Further M c M be a set of vertices in B(G) such that
VIB(G)]— {M* u M} = N where V v; € N is an isolates. Hence [N| = ¥4, (G). In B(G)
each block is complete with P > 2 vertices. Then |[N| < n + |J| — 4 which gives Y, (G) < n +
v(G) — 4.

Theorem 7: For any non-trivial tree T and B(T) # Kp, then y., (T) < yr(T).

Proof: Let f = (V,, V4,V,) be any ygr —function of T. Then V, isa y — set of H = G[V, U V,]
such that |[H| = yg(T).

to the blocks {B,, B, Bs, ... ... ... ,B,} of T. Let D = {by,b,, bs, ... ... ... ,bn} where m < n is a
minimal dominating set of B(T) such that V[B(T)]— D! = N,Vv;eN is a isolates, then
| D1| = )/ssb(T)- Hence YSsb(T) = D1| <|H|= VR(T) which gives yssb(T) < VR(T)-

Theorem 8: For any non-trivial tree T # P, and B(T) # Kp, then y,(T) = y(T). Equality
holds if T =P, with n=1,2,......... ,7 and H where H is k3 together with an end edge

adjoined at most three end vertices.

Proof: Suppose T = P,. Then B(T) = K, ¥ssp = 1 # y(T). Now we consider atree T # P,.

Let V ={vy,vy,V3, e en e ,Up} be the set of vertices in T. Let
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V, ={v1,05,035, 0. ,Ukh 1<k<n be the set of cut vertices of G
Vo = {01 ,05,V3, e ven . ,v;},1<j<k such that V,cV; and |V,|= y(T). Let E =
{e;,e5,€5, . ,€;} be the set of non-end edges in T. In B(T), V[B(T) | = E[ T ]. Since each
edge is a block, then {e; ,e;,e3,......... ,e;} EV[B(T) ] are cut vertices and each e; lie an

exactly two blocks of B(T). Now V[B(T) ]-E,E € V[B(T) ] gives e; number of components
and each component is again a complete graph. Since one less than P number of vertices from
each block of B(T) are removed, then we get a null graph. Hence E; and E, represent the cut
vertex set and other vertices of P; components. Hence E; UE, is a y, —Sset wWhich gives
|E; U Ey| = Y (T). Suppose A(T) = 2. Then |E; U E,| = |V,| which gives y¢., (T) = y(T).

P.A(G)

Theorem 9: For any(p, q) graph G,and B(G) # K, then y,(G) < [—ZJ,A(G) -

Proof: We consider only those graphs which are not B(G) = K,, . let D be a ys; — set of B(G)
it follows that for each vertex v € D there exist a vertex u € V[B(G)] — D. such that v is
adjacent to u. Since each block in B(G) is a complete, this implies that V[B(G)] — D is a
dominating set of B(G) such that V v;eV[B(G)] — D is an isolates. By Theorem A, we

P.A(G)
2+A(G) I

have Vssb (G) = [

Theorem 10: For any (p,q) non-trivial tree T and B(T) # Kp, then y.,(T) < [—qHZ(T)] -1

where M (T) is the number of end vertices in T .

Proof: We consider a tree T # K;, n=>1. Let T be a tree with ¢ > 3 edges, E(T) =
{e;,e5,€35, ... ,ent. Now H = {vy,v,, V3, ... ... ,U,} be the set of wvertices which
corresponds to the set of edges in E(T). Let D = {v;,v,,v5, e ... , v} ,1<i<n,and
vvje{ H — D} is adjacent to at least one v;eD. Since each edge is a block in T,then D is a
dominating set of B(T). Suppose B(T) is a path with even number of vertices. Then veD is an

end vertex in B(T). Suppose B(T) is a path with odd number of vertices. Then v € D. Hence

pr<[esm]

Suppose T is not a path. Then there exists at least one vertex v with degv = 3. Let

L =1{v,,vyV3, e eu e , Ut Vo, deg[vi] =3 and E; = {e; 65,83, e vu ... ,ex} be the edges in
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T incident with v, € L. Suppose E, < E; which are non end edges in T. Then |E,| U |E;| = M.
Suppose E; = {e; ,e5,€3 , cuv . .. e}, 1<j<k, Esc{E,UE,} Vv; € E5 is an element of

E, or E; and hence {E5} c V[B(T)] and {E; UE, UE3} =D and |E; UE, U E5| = q + M thus

— 1 hence y4, (T) < [w] -1

{E VE;}H{E(T)}
(E, UE, U £} < B ED) .

Theorem 11: For any (p, q) non-trivial tree TandB(T) # Kp, then

Yssb(T) + 2y.(T) = v(T) + A(T).

Proof: Suppose G is atree, F = {v;, U3, V3, v cen vue ,Un} be the set of all end vertices of G and
V1=V —F.Then D'c V' isa minimal connected dominating set of G. Further if {v;} €
N(D*)and {v;} € V' then D'uwv; formsaminimal total dominating set of G. If {v; } = @,
then there exists at least one vertex v € F such that D! U { v} forms a total dominating set of G.
Let D = {uy, uy, us, v oo .. ,ur} be the dominating set of B(T). If the neighbors of each
u; 1 < i < k are at a distance at least two which generates D to be a minimal dominating set of
B(T) such that V[B(T)] — D = X where Vv;eX is an isolates. Hence |D| a ys,, — set of T .
Suppose V1 = {v,v,,vs, ... ... ... , U} € V(G) such that deg (v;) = 2,1 <i < k. Then there
exists at least one vertex v € V! such thatdeg(v) = A(T). Now we have |D|+ 2| D| >

| D u {v; }| + ACT) which gives yss, (T) + 2y.(T) = y,(T) + A(T).

Theorem 12: For any treeTand B(T) # Kp, then i(T) =y, (T) where i(T) is a

independent domination number.

Proof: Suppose D be a dominating set of T. Let v be an end vertex of T and root the tree T at v.
Let A be the set of all vertices in V(T) — D that are dominated only from above by a vertex in D.
Thus the parent of each vertex in A belongs to D and no child vertex of A belongs to D. Possibly
A=0Q.Let B=V(T)— (AUD). Then every vertex of B is dominated from below by D that is
every vertex B has a child that belongs to D. Let B, be those vertices in B adjacent to vertex in A.
Then By is an independent set of T and dominates A (from below). We now extend B, to an
independent set B* that dominates B by adding vertices in B — B,. Then B* dominates A U B.
Let D, be the set of all vertices of D that are dominated by B*and D, = D n N( B*). Since

every vertex in B is dominated from below by at least one vertex of D,then | B*| = |D,|. Let
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D, = D — D4, and let D* be a maximal independent set of vertices of D,. Then D* dominates
D,. Further more | D*| = | D,|. By construction, B* U D* is an independent dominating set of

T. Hence | B* U D*| = i(T). Since every block in B(T) is complete and every cut vertex of

B(T) lies on exactly two blocks of B(T). Let k;, ks, ......... , kn,, be the number of blocks
which are complete. Then each block IS complete with
{V1, V2, e en e yUn,} €Ky {vl, Vg, eee ee one ,vnz} S S {vi, V2, e e yUn,} € kn

number of vertices.

Now assume S be a dominating set of B(T) and

Now V[B(T)] — S = H where each vertex of H is an isolates which gives |S| = v, (T). Hence
| B*U D*| = |S| and we have i(T) = yq, (T).

Theorem 13: For any (p,q) graph G and B(G) # K, , then y, (G) < 3q — 2p.

Proof: suppose G has a block say B with maximum number of vertices and edges. Then
3q — 2p is always more with y., (G). Hence we require to get the sharp bound. For this we

consider the graph G is a non-trivial tree with at least 3-blocks.
We consider the following cases.

Case 1: Suppose G is a path B,,n = 4 vertices. Then B(G) = P,_,. Since the path B, has p —
vertices and g — edges, then 3g —2p=3(p—1) —2p=p —3 for P > 4. One can easily
verify that ¢, (G) <p —3 =3q — 2p.

Case 2: Suppose G is not a path. Then there exists at least one vertices v, degv > 3. Let
C = {v1,V5, V3, cev eun e ,U;} be the number cut vertices and D be a dominating set of B(G).
Suppose  each  block of B(G) complete with P —vertices. Then D =

{v1, 2,03, e e e ,Vp—_1} Where D consists of P — 1vertices from each block B(T) such that
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C <€D and V[B(T)]— D = H ,where v; € H is an isolates, clearly |D| = y., (T) <p—3 =
3q — 2p.

Theorem 14: For any (p, q) non-trivial tree T and B(T) # K,,, then
)/ssb(T) + Yt(T) = +P — A(T)-

Proof: Suppose B(T) = K,,. Then by definition y.,,(T) — set does not exist. Hence and
B(T) # K,. Assume T is a tree. Then every block of T is an edge. Let
A={By,B;,Bs,......... ,B,,} be the blocks of T and M = {b, ,b,, b5, ... ... ... ,b,} be the block

vertices in B(T) corresponding to the blocks of A.

Let {B; } c A such that each B; is an non end block of T. Then {b; } € V[B(T)]

which are vertices corresponding to the set {B; } since each block is complete in B(T). Again we
consider a subset {b;'} such that {b;'} c V[B(T)] — {b; }. Suppose there consists at least one
edge then V[B(T)] — { b;" U b;} = {b, } where each element of b, is an isolates. Then |{b;" U

vi}=ysso7. It bil=gthen VE7—{47 } give at least two isolates such that s/=pssb7. Let
S € V[B(T)] is minimal total dominating set of T such that y,(T) = |S|. Now assume A(T) <

2. Then T = B,,n = 4. Hence P — A(T) < |b;*| + |S| which gives s (T) + v.(T) = +P —
AT).

Further if A(T) = 3. Then there exists a positive integer j such that j < P — A(T). Alsoj <
|b;*| + |S| which gives P — A(T) < y5p (T) + :(T).

Finally we obtained the Nordhous-Gaddum type results.

Theorem 15: For any (p,q) graph G , and B(G) # Kp , then

l. Vssb (G) + Vssb (6) < p.
I Vssb (G)-yssb (G) < Zp-
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